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THE END CURVE THEOREM FOR NORMAL COMPLEX 
SURFACE SINGULARITIES 
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^ ' Abstract. We prove the "End Curve Theorem," which states that a normal sur- 

Mh, face singularity {X, o) with rational homology sphere link E is a splice-quotient 

■^^ ' singularity if and only if it has an end curve function for each leaf of a good reso- 

lution tree. 
PsJ ' An "end-curve function" is an analytic function {X, o) -^ (C, 0) whose zero set 

intersects E in the knot given by a meridian curve of the exceptional curve corre- 
sponding to the given leaf. 

A "splice-quotient singularity" (X, o) is described by giving an explicit set of 
equations describing its universal abelian cover as a complete intersection in C*, 
r^ , where t is the number of leaves in the resolution graph for [X, o), together with an 

"*li ' explicit description of the covering transformation group. 

Among the immediate consequences of the End Curve Theorem are the previously 
known results: {X, o) is a splice quotient if it is weighted homogeneous (Neumann 
1981), or rational or minimally elliptic (Okuma 2005). 
T-H ■ 
> 

•<^ \ We consider normal surface singularities whose links are rational homology spheres 

^ ■ (QHS for short). The QHS condition is equivalent to the condition that the resolution 

graph r of a minimal good resolution be a rational tree, i.e., F is a tree and all 

exceptional curves are genus zero. 
00 ! Among singularities with QHS links, splice-quotient singularities are a broad gen- 

O ■ eralization of weighted homogeneous singularities. We recall their definition briefly 

here and in more detail in Section |l]. Full details can be found in |20[ . 



O 



c^ 



k> \ Recall first that the topology of a normal complex surface singularity (X, 6) is 

H \ determined by and determines the minimal resolution graph F. Let t be the number 



of leaves of F. For z = 1, . . . , t, we associate the coordinate function Xi of C* to the 
i-th leaf. This leads to a natural action of the "discriminant group" D = -f/^i(S) by 
diagonal matrices on C* (see Section |^). 

Under two (weak) conditions on F, called the "semigroup" and "congruence" con- 
ditions, one can write down an explicit set of t — 2 equations in the variables Xj, which 
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defines an isolated complete intersection singularity {V, 0) and which is invariant un- 
der the action of D. Moreover the resulting action of D on l^ is free away from 0, and 
{X, o) = {V, 0)/D is a normal surface singularity whose minimal good resolution graph 
is r. This {X, o) is what we call a splice quotient singularity. Since the covering trans- 
formation group for the covering map V ^ X is D = Hi{X — {o}) = 7ri(X — {o})"'', 
the covering (V, 0) -^ {X, o) (branched only at the singular points) may be called 
the universal abelian cover of {X,o). In particular, for a splice quotient singularity, 
one can write down explicit equations for the universal abelian cover just from the 
resolution graph, i.e., from the topology of the link. 

The link S of the singularity {X, a) can be expressed as the boundary of a plumbed 
regular neighborhood A^ of the exceptional divisor E = Ei U ■■■ U En in the minimal 
good resolution X of {X, a). Then each meridian curve of an Ei gives a knot Ki in S. 
A "meridian curve" means the boundary of a small transverse disk to the exceptional 
divisor E^. If E^ is the exceptional curve corresponding to a leaf of F we call Ki an 
end knot. A (germ of a) smooth complex curve on X which intersects E transversally 
on such a leaf curve (and hence which cuts out an end-knot on E) is called an end 
curve; we also use this name for the image curve in X. 

If (X, o) is a splice-quotient singularity as described above, then some power Zi = xf 
of the coordinate function Xj on V is well defined on X = V/D. The zero set in E 
resp. X of Zi is the end knot resp. end curve corresponding to the i-th leaf of T (the 
degree of vanishing may be > 1). We say that the end knot or end curve is cut out 
by the function Zi and that Zi is an end curve function. 

Our main result is 

End Curve Theorem. Let (X, o) be a normal surface singularity with QHS link S. 
Suppose that for each leaf of the resolution diagram T there exists a corresponding end 
curve function Zi : {V, a) — >■ (C, 0) which cuts out an end knot Ki gT, (or end curve) 
for that leaf. Then (X, o) is a splice quotient singularity and a choice of a suitable 
root Xi of Zi for each i gives coordinates for the splice quotient description. 

An immediate corollary (conjectured in |^ and first proved by Okuma [^) is that 



rational singularities and most minimally elliptic singularities (the few with non-QHS 
link must be excluded) are splice-quotients. Another direct corollary is the result of 
||16|| , that a weighted homogeneous singularity with QHS link has universal abelian 
cover a Brieskorn complete intersection. The special case of the End Curve Theorem, 
when the link is an integral homology sphere (so that D is trivial), was proved in our 
earlier paper pl| . 

We first proved the End Curve Theorem in summer of 2005, but it has taken a 
while to write up in what we hope is an understandable form. In the meantime. 



Okuma resp. Nemethi and Okuma in |24, 13, O] (see also Braun and Nemethi 



have used this to compute the geometric genus pg of any splice-quotient, and to prove 
for splice-quotients the Casson invariant conjecture [|17| for singularities with ZHS 
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links (in which case D = {l}soV^ = X), as well as the Nemethi-Nicolaescu extension 
pT| of the Casson Invariant Conjecture to singularities with QHS links. 

These results of Nemethi and Okuma give topological interpretations of analytic 
invariants; this is analogous to the fact that for rational singularities some of the 
important analytic invariants are topologically determined. As happens for rational 
singularities, the set of resolution graphs that belong to splice quotient singularities 
is closed under the operations of taking subgraphs and of decreasing the intersection 
weight at any vertex |T^ . It is worth noting, however, that rational singularities did 



not have explicit analytic descriptions before splice quotients were discovered; even 
the fact that their universal abelian covers are complete intersections was unexpected 
until it was conjectured in |2^ (see also [^ ). 



Of course, unlike rationality, the property of being a splice-quotient is not topo- 
logically determined — for example, splice quotients, as quotients of Gorenstein sin- 
gularities, are necessarily Q-Gorenstein, which is generally a very special property 
within a topological type. Even more, "equisingular deformations" of very simple 
splice quotients need not be of this type (see Example |10.4| ). 

We once over-optimistically conjectured that Q-Gorenstein singularities with QHS 
links would have complete intersection universal abelian covers, and although this 
is false in general [jl2|, we see it is true for a large class of singularities. There is a 
natural arithmetic analog. A standard "dictionary" that developed out of proposals 
of Mazur and others pairs 3-manifolds with number fields, knots with primes, and so 
on. A natural analog of universal abelian covers of QHS links belonging to complete 
intersections would be that the ring of integers of the Hilbert class field of a number 
field Khe a. complete intersection over Z. This is true, proved by de Smit and Lenstra 
1^. The analogy between splice singularities and Hilbert class fields is enticing, since 
it is a significant open problem to compute Hilbert class fields, while the explicit 
splice singularity description is easily computed from the resolution diagram. 

We summarise the proof of the End Curve Theorem in Section ^ after first recalling 
the theory of splice quotient singularities in Section 0. We complete the proof in 
Section ^. Some applications and examples are discussed in the final section |TD|. 

Some of the ingredients in our proof could be of independent interest. We need an 
extension to the equivariant reducible case of the theory of numerical semigroups and 
monomial curves developed by Delorme, Herzog, Kunz, Watanabe and the authors 
0, ^, P, ^ ^ . The necessary parts of this theory are developed in sections ^j-^. Some 
topological results about knots in Q-homology spheres and their linking numbers and 
Milnor numbers are collated in Section ^. 

1. Splice quotient singularities 
We recall here the detailed construction of splice-quotient singularities. For full 



details see POl . 
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Let (X, o) C (C^, o) be a normal surface singularity whose link E = X fl S"^^^^ is 
a QHS. Equivalently the minimal good resolution resolves the singularity by a tree of 
rational curves. Let F be the resolution graph. In some cases we can construct directly 
from F singularities which have the same link as X (but might well be analytically 
distinct). 

We denote by A(r) the intersection matrix of the exceptional divisor (we say "in- 
tersection matrix of F"); this is the negative definite matrix whose diagonal entries 
are the weights of the vertices of F and whose off-diagonal entries are 1 or according 
as corresponding vertices of F are connected by an edge or not. The discriminant 
group -D(F) is the cokernel of ^(F): Z" -^ Z". There is a canonical isomorphism 
D{r) ^ i7i(E; Z) (if S were not a QHS one would have D{T) ^ Tori7i(S; Z)). The 
order \D\ = det(— A(F)) of -D(F) is called the discriminant of F. 

1.1. Splice diagram. We shall denote by A the splice diagram corresponding to F. 
We recall its construction. If one removes from F a vertex v and its adjacent edges 
then F breaks into subgraphs Tyj, j = 1,. . . ,6^, where 6^ is the valency of v. We 
weight each outgoing edge at v by the discriminant of the corresponding subgraph; 
these are the "splice diagram weights" (the reader may wish to refer to the illustrative 
example in subsection |1.6|) . The graph F with all splice diagram weights added and 
with the self-intersection weights deleted is called the maximal splice diagram. One 
can still recover F from it. If one now drops the splice diagram weights around vertices 
of valency < 2 and then suppresses all valency 2 vertices to get a diagram with only 
leaves (valency 1) and nodes (valency > 3) one gets the splice diagram A. The splice 
diagram A no longer determines F in general. 

For the purpose of this paper it is convenient to have a version of the splice diagram 
in which we do not discard the splice diagram weights at leaves. We call this the splice 
diagram with leaf weights and denote it also by A. 

Definition 1.1. For two vertices v and w of F the linking number, i^y, is the product 
of splice diagram weights adjacent to but not on the shortest path from f to w in F. 
li V = w this means the product of splice diagram weights at v. (The name comes 
from the fact that i^w is |-D| times the linking number of the knots in S corresponding 
to V and w, see Proposition pTT| .) 

The matrix (i^w) is the adjoint of — A(F) (|^ Lemma 20.2): 

(4^)=Adj(-A(F)) = -|D|A(F)-i 

Note that for vertices v and w of A, i^^ can be computed using only weights of A, 
except that leaf weights are also needed ii v = w is a leaf. 

1.2. Action of the discriminant group on C*. Let Vi, i = 1, . . . ,t he the leaves 
of F or A and associate a coordinate Yi of C* with each leaf. Since D = Z"/y4(F)Z" 
with Z" = Z™'^**^'"\ each vertex f of F determines an element e„ G D. There is a 
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non-degenerate Q/Z-valued bilinear form on D satisfying 

the vw-entiy of A{T)~^. 

We get an action of D on C* by letting the element e E D act via the diagonal 
matrix 



The elements e^-, z = 1, . . . , t generate D (in fact any t — 1 of them do, see |20| Propo- 
sition 5.1). We thus only need the splice diagram with leaf weights A to determine 
this action. 

1.3. Splice equations. In contrast to the action of D on C*, only the splice diagram 
A and not leaf weights are needed to discuss splice equations. We will write down 
t — 2 equations in the variables Yi, . . . ,Yt, grouped into 6^ — 2 equations for each node 
V of A. These 6^ — 2 equations are weighted homogeneous with respect to weights 
determined by v. We first describe these weights. 

Fix a node v of A. The v-weight of Yi is £yv.. We will write down equations of 
total weight i^v Number the outgoing edges at v by j = 1,. . . ,6y. For each j, a 
monomial M^j of total weight i^^, using only the variables Yj that are beyond the 
outgoing edge j from v, is called an admissible monomial. The existence of admissible 



monomials for every edge at every node is the sem,igroup condition of [^. Assuming 
this condition, choose one admissible monomial M^j for each outgoing edge at v. 
Then splice diagram equations for the node v consist of equations of the form 

y^ dvijMyj + Hyi = i = 1,. . . ,6y -2, 

J=l 

where 

• all maximal minors of the {6y — 2) x 6y matrix (a^ij) have full rank; 

• Hyi is an optional extra summand in terms of monomials of f-weight > iyy 
(most generally, a convergent power series in such monomials). 

Choosing splice diagram equations for each node gives exactly t — 2 equations, called 
a system of splice diagram equations. In Theorem 2.6 of pO|, it is shown that they 



determine a 2-dimensional complete intersection V with isolated singularity at the 
origin. 

Claim. The link of this singularity has the topology of the universal abelian cover of 
the singularity link determined by T. In particular, this topology is determined by the 
splice diagram A alone. 

For r that admit splice-quotient singularities (i.e., the equations can be chosen D 
equivariantly), this is in |2^. The second sentence has been proved in full generality 



by Helge Pedersen |25|, but a complete proof of the first sentence for general F has 



not yet been written up, so it should be considered conjectural. 
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1.4. Splice-quotient singularities. Suppose now that we can choose a system of 
splice diagram equations as above, which are additionally equivariant with respect 
to the action of D\ this is a combinatorial condition on F, called the congruence 
condition ([|l|, |2g). Then 



Theorem (pO[)- -^ ^^^■^ freely on V — {0} and the quotient {X,o) := {V,0)/D is a 
normal surface singularity whose resolution graph is T; moreover, {V,0) —>■ {X,o) is 
the universal abelian cover. We call {X, a) a splice-quotient singularity. 



Theorem 10.1 of [Q says that the class of splice-quotient singularities is natural, 
in the sense that it does not depend on the choice of which admissible monomials M^j 
one chooses to use (so long as they are chosen equivariantly for the action oi D). A 
change in choice can be absorbed in the extra higher order summands of the splice 
equations. 

1.5. Reduced weights. The f-weights of the Yi used to define splice equations may 
have a common factor, so in practice one should use reduced f-weights that divide 
out this common factor. Precisely, if f is a node the reduced v -weight of the variable 
Yj is the f-weight i^vj of Yj divided by the GCD of the f-weights of all the Fj's. 

1.6. Example. Consider the resolution graph 





Its maximal splice diagram is 




^9 7 5 15 ^ 
o 




and its splice diagram with leaf weights is 

A = 




Yi 0^17 



32 JO Y3 



2 3 

9 15 




39^ n 



We have also shown the association of C^-coordinates Yi, . . . , F4 with leaves of A. 
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The discriminant group D is cyclic of order 33. Its action on C'^ can be read off from 
tlie splice diagram and leaf weights, and is generated by the four diagonal matrices 
corresponding to the four leaves {C, = e~^'^^'^^): 

ei = (r , c^ c^ c') 

In this case ei clearly suffices to generate the group. 

Calling the left node v, the f-weights of the variables Yi, Y2, Y3, I4 are read off from 
the splice diagram as 18, 27, 12, and 18. The GCD is 3, so the reduced weights are 6, 
9, 4, 6. The total reduced weight for that node is 54/3 = 18, so admissible monomials 
for the two edges departing v to the left must be Y^ and Y2. For the edge going 
right there are two monomials of the desired weight: Y^Y^ and Y^. One checks that 
all these monomials transform with the same character under the D-action (ei acts 
on each by C^^)) so we can choose either one of Y^Y^ and Y^; we choose Y^. The 
number of equations to write down for this node is 6^ — 2 = 1. We choose "general 
coefficients" 1, 1, 1 and write down 

Y^^ + Yi + y/ = . 

For the right node v' the reduced f'-weights of Yi, Y2, Ys, 14 are 4, 6, 10, 15, and 
total reduced weight is 30. Hence admissible monomials are Y^ and Y^ for the edges 
going right, and a choice of Y2, Y^Y^, or Y^Y2 for the leftward edge; again all choices 
are D-equivariant (ei acts by (^'^ on all). We make our choices and write a second 
equation 

Yi + Yi + Yi = 0. 

The results of p^ tell us that the two equations define a normal complete intersection 
singularity (V^,0), that the action of Z^ = Z/33 on it is free off the singular point, 
and the quotient is a normal singularity (X, o) with resolution graph F. A mental 
calculation shows that our coefficients are in fact general; any other choice can be 
reduced to these by diagonal coordinate transformation of C^. 

The End Curve Theorem tells us that if a singularity has this resolution graph and 
has end curve functions for its four leaves, then it is a higher weight deformation of the 
above example, i.e., (possibly) deformed by adding higher weight terms equivariantly 
in the two equations. 

2. Overview of the proof 



The End Curve Theorem was proved in |^ when the link E is a ZHS (so there is 



no group action). We first outline the proof in this case. We thus assume we have 
an end curve function Zi on X associated with each leaf of F. By replacing Zi by 
a suitable root if necessary one can assume its zero-set is not only irreducible but 
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also reduced (this uses that S is a ZHS-cf. Section ^. The claim then is that these 
functions Zi generate the maximal ideal of the local ring of X at o and that X is a 
complete intersection given by splice equations in these generators. The main step is 
to show that each curve Cj = {2;j = 0} C X is a complete intersection curve. 

2.1. Consider the curve Ci given by ;zi = 0. For j > 1 the function Zj, restricted 
to Ci, has degree of vanishing dij at o, so the numbers £ij, j = 2, . . . ,t, generate 
a numerical semigroup 5* C N which is a sub-semigroup of the full value semigroup 
^(Ci) (the semigroup generated by all degrees of vanishing at o of functions on Ci). 
The 5-invariant 5{S) and the (5-invariant 5(Ci) := 5(y{Ci)) therefore satisfy 

(1) 25(Ci) < 25{S) 

(the (5-invariant counts the number of gaps in the semigroup, i.e., the size of N — S"). 

2.2. Classical theory of numerical semigroups, developed further in Theorem 3.1 of 
], shows via an induction over subdiagrams of F that 



(2) 25(5) < 1 + 5^(5,-2)4., 

with equality if and only if the semigroup condition holds for A at every vertex and 
edge pointing away from 1. Moreover, if equality holds, the monomial curve for this 
semigroup is a complete intersection, with maximal ideal generated by ^2, • • • , -^n- 

2.3. The (5-invariant of a curve is determined by Milnor's /i invariant, which in our 
case is a topological invariant, computable in terms of the splice diagram (Sect. 11 of 



see also Lemma |9.4[ ) as 



(3) 25(Ci) = 1 + 5^(5,-2)4,. 

2.4. Comparing (P, (|^), and (0), we must have equality in (|l|) and (0). It follows 
that S = V{Ci). Moreover, by step |2.2| , the monomial curve for 5* is a complete 
intersection with maximal ideal generated hj Z2, . . . , zt. Since Ci is a positive weight 
deformation of this monomial curve, Ci is also a complete intersection, with maximal 
ideal generated hy Z2, ■ ■ ■ , Zt- It follows that (X, o) is a complete intersection with 
maximal ideal generated hy zi, . . . , Zt- 

2.5. Repeating the above for all leaves i = 1, . . . ,t shows that the semigroup con- 
ditions hold. One can thus choose admissible monomials for every node, and it is 
then not hard to deduce that equations of splice type hold. Finally, one deduces that 
(X, o) is defined by these equations, completing the proof. 
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2.6. General case. We must now describe how the above proof is modified when 
S is not a ZHS, so D is non-trivial. It is not hard to show that the functions Xi 
(appropriate roots of the end curve functions Zi) are defined on the universal abelian 
cover V^ of X. But the curve Ci = {xi = 0} is no longer an irreducible curve, so the 
theory of numerical semigroups of 2]2| above cannot be used. 

We extend the theory of value semigroups and the appropriate results concerning 
them to reducible curves that have an action of a group D that is transitive on compo- 
nents; the value semigroup is now a subsemigroup of N x £), where D is the character 



group of D. The inductive argument of step ^^ must now deal with subsemigroups 
of a semigroup N x D, where D changes at each step of the induction. Moreover, we 
must show in the end that this extension allows us to deduce, as before, that V is 
a complete intersection with maximal ideal generated by the Xi, that the semigroup 
conditions hold, which guarantee that admissible monomials exist, but also that the 
congruence conditions hold, allowing us to choose the monomials D-equivariantly. 
Once this is done, one again deduces that equations of splice type hold on V. Finally, 
using the main theorem of |2^ one deduces that V is defined by these equations and 
that X = V/D, thus completing the proof. 

The necessary theory of reducible curves and their value semigroups is developed 
in sections ^|-0 and the proof is completed in section |^. Some needed topological 
computations are collected together in section p. 

3. L)-CURVES 

A D -curve is a reduced curve germ (C, o) on which a finite abelian group D acts 
effectively (i.e., D -^ Aut(C) is injective) and transitively on the set of branches. 
Denote the branches (Cj, o), i = 1, . . . ,r. li H C D is the subgroup stabilizing (any) 
one branch, then F := D/H acts simply transitively on the set of branches of C 
(recall that any effective transitive action of an abelian group is simply transitive). 
D also acts on the normalization C of C, a disjoint union of r smooth curves C*j. On 
the level of analytic local rings, D acts on {R, m) (the local ring of C) , on the direct 
sum of its branches R/Vi, and on its normalization R = (Bl=iRi, where each Ri is a 
convergent power series ring C{{yj}}. One may assume that the parameters i/i form 
one D-orbit (up to multiplication by scalars). H then acts on each y^ via the same 
character, independent of i. 

The natural valuation Vi on Ri induces one on R by value on the i?j-component; 
the induced valuation on R is given by order of vanishing of a function f E R along 
the branch Ci. (Of course, define fj(0) = cxd.) D permutes the branches and hence 
the valuations, with 

Viicx{f)) = v„(i){f) for all a eD. 

Thus, if / is an eigenfunction for the D-action, then fj(/) = Vj{f) for all i, j; we then 
just write f (/). 
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Definition 3.1. Denote the character group of D by D. The value semigroup S{C) 
of the Z)-curve {C,o) is the subsemigroup of N x Z) consisting of all pairs {v{f),x) 
with X G -D and f E R a Z^-eigenfunction with character x- 

R, and hence R, has a natural D-filtration given by the ideals 

Jn = {f \ Vi{f) > n for all i}. 

We denote by R' and R' the associated gradeds for this filtration. R' is the graded ring 
of a reduced weighted homogeneous curve C (thus a union of "monomial curves"), 
again with an effective action of D acting transitively on the r branches. Each 
JnR/ Jn+iR is for n > a vector space of dimension r and the associated graded 
ring R' = GrjR is a direct sum of r polynomial rings in one variable (of degree 1). 

Recall that the delta invariant S{C) = S{R) is the length of the -R-module R/R, 
which in this case is its dimension as a C-vector space. 

Proposition 3.2. 5{R) = S{R') and S{C) = S{C'). The value semigroup S{C) of 
the normalization has exactly r elements in each degree. The delta-invariant of R (or 
C) is equal to the size of the complement of S{C) in S{C). 

Proof. The delta invariant 5{R) is finite, so for n sufficiently large, JnR = JnR- 
Computing S{R) by summing over graded pieces of R and R, one sees that S{R) = 
S{R') (this is a general fact about reduced curves). 

R splits (as a vector space) as a sum -R = ® R^ over the characters of D and this 
splitting is compatible with the ffitration {Jn} (in the sense that JnR-x = {JnR)x 
for any D-character x)- Thus S{R) = S{R'). The same argument applies to show 
S{R) = S{R'). 

The following lemma shows that the splitting by characters splits each JnR/ Jn+iR 
into r 1-dimensional summands (and trivial summands for the remaining \D\ — r 
characters), and hence also splits the subspaces JnR/ Jn+iR into 1-dimensional sum- 
mands. Since we can compute the delta invariant S{R') by counting these summands, 
the proposition then follows. D 

Consider the natural exact sequence of character groups 

Lemma 3.3. The D -eigenfunctions of JnR/ Jn+iR (n > 0) all have the same H 
character. A collection of them are C-linearly independent if and only if their D- 
characters are distinct. They form a basis of JnR/ Jn+iR if one? only if their D- 
characters form exactly one F-coset of D. 

Proof. Diagonalize the action of D on the r-dimensional space J1-R/J2-R. As men- 
tioned above, H acts via one character for this space, so the D-characters involved 
form one fiber of the map D ^ H. Choose any D-eigenf unction g G Ji/J2- Then 
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multiplication by g"'~^ maps J1R/J2R isomorphically onto JnR/ Jn+iR, shifting the 
characters by {n — 1) times the character of g. So, r distinct D-characters appear in 
JnR/Jn+iR- n 

4. Weighted homogeneous L)-curves 

Continue the setup of the last section, but assume at the start that R = R' is 
a positively graded ring, so that C is a weighted homogeneous curve with a In- 
action. We can choose a (not necessarily minimal) set of homogeneous generators Xi, 
i = 1, . . . ,m, oi R, oi weights ii (necessarily with greatest common divisor 1), so that 
D acts on Xj via a character Xi- The value semigroup S{C) is then generated by the 
elements {ii, Xi)- 

The Xi embed C C C™. By scaling the Xi if necessary we may assume (1,1,. ..,1) G 

C. Then one of the r branches of C is the monomial curve {(u^S • • • ? u^"") : u E C}. 
There are two subgroups of (C*)*" which act on C via multiplication in the entries: 

D, embedded via (xi, • • • , Xm)', and C*, via u ^— i> {u^ 



5 



Definition 4.1. G C (C*)"^ is the subgroup generated by D and C*, embedded as 
above. 

D acts transitively on the branches of C, so G acts simply transitively on C — {0}. 
Thus, we may view G = G — {0}, while G is the closure of G in C". 

Consider next H := D H C* , the subgroup of D which stabilizes the branch given 
by the monomial curve through (1, 1, . . . , 1). As a subgroup of C*, it is cyclic, and 
the quotient group F := D/H has order r, the number of branches of G. Using the 
inclusion map of H to D, and the negative of its inclusion map to C*, we deduce 
exact sequences: 

(4) l^H^C*xD^G^l, 

(5) 1^C*^G^F^1. 

Since C* is a divisible group, the exact sequence (^ splits (but not canonically). 
This means that there exists a subgroup of G (though not necessarily of D), isomor- 
phic to F, which acts on the curve and acts simply transitively on the set of branches. 
Dualizing (^), we get a natural exact sequence of groups of characters 

(6) O^F^G^Z^O, 
which splits non-canonically to give an abstract isomorphism 

G = Z®F. 
Dualizing (^) gives a natural inclusion 

GcZ®D. 
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The inclusion G C (C*)"^ induces a surjection Z™ -^ G, giving m natural characters 
Xk & G, k = 1, . . . ,m, which generate G. The image of Xfc in Z © Z) is {ik, Xk)- So 
any character of G may be written additively as[| 



^-E 



^kXk, 



where / = {ii, . . . ,im) G Z*", and / and /' represent equal characters / = J' G G if 
and only if their weights and D-characters are equal. 

Definition 4.2. A character X e G is called non-negative if it is a linear combina- 
tion of the Xk with non-negative coefficients. Thus, the set of non-negative characters 
forms the value semigroup S{C) as a subsemigroup of G C Z x /}. The value semi- 
group S{G) of the normalization is 7r~^(N) C D. So 6{G) is the number of elements 
of 7r^^(N) that are not non- negative characters. 

The Xi embed G C C™. Let / = (zi, . . . , im) be an m-tuple, with all ik > 0. Each 
monomial x^ := x*^^X2^ . . . x^ is homogeneous of weight Yl'^k^iixk) and transforms 
via the character xi '■= YlXk ^ ^- Introducing weighted coordinates Yi, . . . ,Ym in 
C™, we can summarise results of this and the previous section. 

Proposition 4.3. x^ equals a constant times x^ if and only if their weights and 
D -characters are equal. With the Xi scaled so that (1,1,...,1) G G' C C™", the D 
curve G C C" is the closure of the G-orbit of (1, 1, . . . , 1). The ideal of G G C" is 
generated by all differences Y^ — Y^ of monomials with equal G -characters: 1 = 1'. 

The finite abelian "group of components" F = G/C* is dual (hence isomorphic) to 
the torsion subgroup of G. 

The delta-invariant 5 {R) = S{R') is computed by summing, over alln >0,r minus 
the number of monomial elements x^ of weight n and distinct D -characters. D 

We will need the following proposition. 

Proposition 4.4. The inclusion map D G G gives a surjection G ^^ D, whose kernel 
is the cyclic group generated by a distinguished character Q, whose weight is the order 
of H, I.e. |-D|/|-F|. Its image znZQ)D is {\H\,0). 

Proof. This is immediate from the sequence of kernels of the surjection of short exact 
sequences: 

-G ^Z®D ^H -0 



^ f) ^t) ^0 ^0 D 



""^We write G additively in the following even though it is more natural to think of Z) as a 
multiplicative group. 
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This proposition can be restated as follows: Suppose / represents a character of G 
for which the image in Z © D is of the form (£', 0); then £' is a multiple of |D|/|F|, 
and more precisely J is a multiple of Q. It will be of special interest to us when Q is a 
non- negative character, i.e., Q & S. In this case we can represent Q by a non- negative 
tuple Q, and the monomial Y^ will play a special role for us. 



The following Corollary of Proposition |4.3| clarifies the relationship between the 
value semigroup and weighted homogeneous D-curve. 

Corollary 4.5. A weighted homogeneous D-curve C is determined, up to isomor- 
phism of weighted homogeneous curves, by its value semigroup S{C). Its graded ring R 
is the semigroup ring C[S{C)]. The D-action is determined by the surjection S —» D. 
A commutative semigroup S and surjection %: iS -» l) determines a weighted ho- 
mogeneous D-curve if and only if S satisfies the cancellation law and is not a group, 
and the induced homomorphism of its group of quotients to D has infinite cyclic ker- 
nel. 

Proof. The first paragraph is just a reinterpretation of the first part of Proposition 
[4.3| : The isomorphism C[iS(C)] ^ R is given by J i-^ Y^ . The grading is determined 
by the map S{C) —>■ N given by mapping S{C) into its group of quotients G and 
then factoring by the torsion subgroup of G. D acts on elements X G S{C) — i.e., 
generators of C[S{C)]—hy g-X = x{X){g)X. 

We won't use the second part of the corollary so we leave it to the reader. D 

5. An instructive example 
Let 77-1, . . . , rim > 2 be integers, and consider the curve C C C™ defined by 

Yr=Yr, t = 2,...,m. 
Write M = ni...nm, M = M/ui, s = GCD(A/'i, . . .,Mm)- 

Example 5.1. With the above notation, 

(1) C is a reduced weighted homogeneous curve with (relatively prime) weights 
J\fi/s, . . . ,Afm/s; a particular branch Ci is the irreducible monomial curve 
{u^'^/\ . . . ,u-^™/''). 

(2) Let G := C - {0} C (C*)"; G is a subgroup of (C*)™, acting on C by 
coordinate-wise multiplication, and simply transitively on C — {0}. 

(3) The connected component of the identity of G is Ci — {0}, a copy of C*. 

(4) G/C* is a finite abelian group whose order r (the number of components of 
C) equals s (the GCD above). 

(5) There is a (non-canonical) splitting G = C* x D', so that G is a Z^'-curve, 
and D' acts simply transitively on the set of branches. 
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(6) The Milnor number /z and delta-invariant 5 of C satisfy 

m 



j=i 



Proof. Statements (l)-(3) and (5) are obvious. We show (4). For any a, a' ^ 0, one 
has that the cardinahty |Cn{Yi = a\\ = 77,2 . . . n^ = A/l, while \Ci fl {Yi = a'}\ is the 
weight Mi/s of Yi. Since G acts transitively on C — {0}, it follows that any branch 
intersects {Yi = a'} in A/i/s points, so that there must be s branches. 

An alternative proof of (4) that does slightly more is as follows. Since C* is a 
divisible group, one has a splitting G = C* x D', where D' C G is a finite subgroup 
mapping isomorphically onto G/C*. Then C is a D' -curve, and D' acts simply 
transitively on the set of branches. As in Proposition ( [4.3|) , D' is isomorphic to 
the torsion subgroup of the group with generators ei, . . . , e^, and relations niCi = 
UiCiji = 2,...,m. This implies again that s is the number of branches, and also 
allows calculation of the elementary divisors of D' via the ideals of minors of the 
matrix associated to the relations. 

The familiar formula |^ relating Milnor number and delta invariant (/i = 26—r + l), 
plus the calculation of yU in e.g., |T^ (or see Lemma |9.4| ), yields the last assertion. D 

6. D-CURVES FROM ROOTED RESOLUTION DIAGRAMS 

Let r be a resolution diagram which is a tree, with distinguished leaf *, called the 
root; we say (L, *) is a rooted tree. These data will give rise to C(r, *), a reduced 
and weighted homogeneous D-curve, where D := D(r) is the discriminant group 
associated to F (i.e., the cokernel of the intersection matrix of F). We derive key 
properties of C by its inductive relationship with subtrees (with fewer nodes). 

For the moment, assume F is not a string, i.e., has at least one vertex of valency 
> 3 (this is not strictly necessary). Order the non-root leaves Wi, . . . ,Wm, and index 
them by variables Yi, . . . , Ym- The m linking numbers (Definition |1.1| ) ii := £^- „, from 
the non-root leaves to * give a set of (non- reduced) weights for the variables Yf, one 
gets reduced weights by dividing by 

(7) s:=GCD(£i,...,£„). 

These weights give a copy of C* in the diagonal group (C*)™. (The linking numbers, 
and hence s, can be read off from the splice diagram A associated to F.) 



As described in subsection |1.2| , every vertex f of F gives an element e^ E D, and 
D is generated by the elements e^., i = 1, . . . ,m. Moreover, D has a natural non- 
degenerate Q/Z-valued bilinear form (e, e') \-^ e ■ e', induced by the intersection 
pairing for F, and one has an embedding of D into (C*)"^, where the image of e G -D 
is the m-tuple whose j'th entry is the root of unity e '^^ ^'^"^^ . Recall from subsection 



pT^ that for vertices w, w' of F, one has 

(8) e^ -e^/ = -lww'/\D\ 
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which for nodes and leaves can be read off from \D\ and the sphce diagram A with 
leaf weights. 

As before, define G C (C*)"* to be the subgroup generated by D and the C*. 

Definition 6.1. The D-cuive C := C(r, *) associated to the rooted diagram (F, *) is 
the closure of G in C", or equivalently the closure in C"^ of the G-orbit of (1, 1, . . . , 1). 

From the natural map Z*" -^ G, any element of G may be represented as before 
by / = J2T=i hXji where this character gives the weight "^T^iij^wj/s, and sends an 
element e G -D to Y[T=i ^ '^"^' '^'^"'i . If / = (i^, . . . , i^) is non-negative / represents the 
weight and D-character of the monomial Y' . 

The ideal of C in C [Yi , . . . , Ym] is generated by Y^ — Y^ for all non- negative m- 
tuples I and /' with the same weight and D-character (i.e., giving the same image 
in G). Denote by r the index in G of the stabilizer H = C* (1 D oi one branch of G. 
Thus r = IG/C*! is the number of branches of G. We shall prove later that r = s {s 
as in (^), hence also this number can be read off the splice diagram. 

The above applies also when F is a string, corresponding to a cyclic quotient sin- 
gularity of some order \D\. Suppose there are two leaves, * and w. Then D is the 
cyclic group generated by e^,, acting on C by e^'^*^™'^™ = g-27r«^ti.™/|£*|^ There is a single 
variable Y, with weight iw,* = 1; we have G = C*, D C G the cyclic subgroup of 
order \D\. The associated D-curve is simply a copy of C (and so the semigroup is 
N). When there is only the one vertex *, it plays the role of both leaf w and root *, 
and all is the same, with iy^^^ = 1 and D trivial. 

For general (F, *) our goal is to do an inductive comparison between the data of 
(F, *) and data from rooted sub-diagrams. We start with the case of one node. 

Proposition 6.2. Consider a minimal resolution graph F with one node, given by 
the diagram 



712 /p2 O^ 
ni/pi O- 



Strings of F are described by the continued fractions shown, starting from the node. 
Let * denote the leaf on the lower right, G the associated D -curve, with discriminant 
group D of order \D\ = ui . . . nm+i{b — Yl^i Pi/^i)- Then G and the group G are as 
in Example |5. % and depend only on ui, . . . , Um- In particular, r = s, i.e., the number 
of branches is the GCD of the linking numbers to * . 
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Proof. It is shown in [1^ that a weighted homogeneous surface singularity with res- 
olution graph r is a splice quotient, with universal abelian cover defined by 



y; 



"1 



F2"^+a2Or = 



-' 1 -' m "r"m-'m+l ~ '-' 

Here, the a^ are distinct and non-zero, giving the analytic type of the m+1 intersection 
points on the central curve. -D(r) acts on the coordinates Yi according to the usual 
characters, and acts freely off the origin. The curve cut out by Y^+i = is the one 
in Example |5.1| ; its quotient by D is irreducible (see also pO|, Theorem 7.2(6)]), so D 
acts transitively on the branches. By definition, the curve C(r, *) in C™ consists of 
the monomial curve with weights N'i/s (which is a component of {Ym+i = 0}) and its 
translates by D. It follows that C{T, *) is equal to {Ym+i = 0}. D 

Remark 6.3. Note that in this example, the rooted splice diagram 




uniquely determines both the curve C and the group G, but not the group D. 

We return to the inductive comparison of the data of (F, *) and data from rooted 
sub-diagrams. Before starting, if any two nodes in F are adjacent, we blow up F once 
in between these, so that F has at least one vertex between any two adjacent nodes 
(cf. Definition 6.1 of ||2^). Suppose * is the leftmost leaf in the resolution diagram 



-bo 
o — 



-bl 

— o- ■ 




So, remove from F the leaf *, the adjacent node v*, and all the vertices in between. 
This produces k new rooted resolution diagrams (Fj,*j). The new *i is the vertex 
of Fj closest to V*, and it is now a leaf. We shall use notations like Gi, rrii, Di, Aj 
(associated splice diagrams), rj (number of branches), Si (GCD of weights), etc., when 
referring to the new rooted diagrams. Note that the total number of non-root leaves 
is mi + . . . + TUk = m. 

In what follows, "leaf" shall mean non-root leaf. As before, we use notation £u,^/ 
and iyj := i^,* for linking numbers in A (as a splice diagram with leaf weights, so 
£iaw' is also defined ii w = w' is a. leaf). When computing linking numbers in Aj, we 
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use notation £^^> and i^ '■= iw,*i- The weights around the distinguished node v* are 
|Di|, . . . , l^fcl (by definition of the sphce diagram) and c, the weight in the direction 
of *. 

Lemma 6.4. We have the following relations: 

(1) For w a leaf in Ai, 

(2) For w a leaf in Ai, w' a leaf in Aj, i > 1, 

P , U , = c^P P , 

(3) Form, w' leaves in Ai, 

Ln,'/\D\=L^>/\Di\+LLd,*,*/\D\\Di\^. 

Proof. The first two claims are straightforward. For the third, we first need some 
notation. For any two vertices v and v', recall iyy' is the product of splice diagram 
weights adjacent to the path from v to f '; we will denote by i'^^, the product of splice 
diagram weights adjacent to the path from v to v', but excluding weights at v and v' 
{soP'^^, = liiv = v'). 

Let now v be the vertex of F that is closest to v* on the path from w to w' (this is 
w itself if ti; = w'). Rewrite the equation to be proved first as 

/ ,|nJ_/ ,\D\ = P P fP * */\D->\ 

If a, d^, dyji are the weights in A at i; towards f*, w, w' respectively, R the product 
of the remaining weights at f , and a the weight in Ai at v towards f *, then we can 
rewrite our equation 

Cancelling common factors from this equation simplifies it to 

a\Di\ - d\D\ = dy,dy,'c{P'^^*YPy*y* /\Di\ . 

This equation is what was proved in Lemma 12.7 of [^ (there v was a node, but 
that was not necessary to the proof). D 

We state the key results needed to do induction. 

Theorem 6.5. Enumerate the m non-root leaves of F so that the first mi of them 
yield exactly the non-root leaves o/Fi. Compose the inclusion G C (C*)*" with the 
projection onto (C*)"*^ given by the first mi entries. Then the image is exactly Gi. 

Proof. We show the image of the projection map tt : G G (C*)"* — *■ (C*)'"^ is exactly 
Gi- Now, an inclusion C* C C*^ is described by a projective A^-tuple of rational 
numbers: 

[ai : a2 : ■ ■ ■ : a^] < > {{u'"\ . . . ,m""'^) \ u e C*} 
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where c is any common denominator for the a^'s. Then Lemma 6A (|I|) imphes that 
the image of the C* in G is exactly the C* in Gi, since the weights differ by a fixed 
multiple. 

One must still show that image of D is in Gi, and (modulo C*) all of Di is in 
the image. So, choose a leaf w in Fi, and consider corresponding elements in the 
respective discriminant groups, i.e., e^ & D and e^ G Di. The following result 
suffices to complete the proof of Theorem |0. 



D 



;^-l 



Lemma 6.6. 7r(e^je^ 



:* c Gi. 



Proof. The left hand side is an element in (C*)™^, and we will show that the entry in 
the slot corresponding to a leaf w' in Ai is m^™' with u = ^-'^'^^i^w^v*v'' /\d\\Dx\ )_ 'jj-^js 
would establish the claim. 

To verify the assertion, use the calculation of the entries of e^ and e^ given by 
equation (j^) (just before Definition |6TT|) . For a leaf w', the w'-entry of 7r(e^)e~^ is 



,27ri(-£,„„,/|D|+^„„,,/|Di|) 



By Part 3 of Lemma |6.4|, this expression is as claimed. 



D 



From Theorem 16.51, it is clear we have an inclusion 



G C Gi X Ga • • ■ X Gfc, 
whence a surjection on the level of characters 

Gi © ■ ■ ■ © Gfc ^ G. 

Each of the character groups has its "reduced weight" map onto Z (see (^). The 
map Gi ^ G induces a map Z ^ Z which is multiplication by the ratio of the 
respective reduced weights, i.e., {iw/s)/{iw/si) for any leaf w in Ai. Let us set V = 
11^1111^21 • • • \Dk\, T>i = V/\Di\. Then the aforementioned ratio is siDi/ s. Moreover, 
it is easy to see that 

(9) s = GCD(si2)i,...,SfcI?fe). 

We thus have a commutative diagram of surjections 

Gi © ■ • • © Gfc — **■ G 



Z' 



Z 



SkVk/s). In 



where the bottom horizontal map is given by dotting with (siT'i/s, 
particular, the kernel of this map is a direct summand. 

Recall (Proposition [4.4|) that the characters of Gj vanishing on the discriminant 
group Dj form a cyclic group generated by a distinguished Qj G Gj, whose reduced 
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weight is \Dj\/rj. For each j, 2 < j < k, consider the fc-tuple 

A, :=(Qi,0,...,0,-Q„0,...,0) G Gi(B---(BGk. 

Theorem 6.7. (1) The k — 1 elements {Aj} form a free basis of the kernel of the 
surjection 

Gi © • ■ ■ © Gfc ^ G. 

(2) r = s, i.e., the number of branches of the curve C(r, *) equals the GCD of the 
linking numbers. 

Proof. We proceed by induction on the number of nodes in F, the case of one node 
being easily checked using Proposition |6l2. 

Thus, in the situation at hand, we may assume Tj = Sj, z = 1, . . . , fc. An element in 
Gi (respectively G) is represented by an mj-tuple of integers J, (respectively, m-tuple 
/), which are the coefficients of the basic characters corresponding to the non-root 
leaves in (Fj, *i) (resp. (F, *)). Recall that we denote the characters themselves by Jj 
and /; we will denote the image of (Ji, . . . , Ik) in G by (/i, . . . , Ik)" ■ 

Lemma 6.8. Suppose (Ji, . . . , Ik)" G G has weight 0. Then for w a leaf in Fj, one 
has an equality in Q/Z; 

{Ii, . . . , Ik)" {ew) = Ii{ew)- 

Proof. We may as well assume i = 1, and write 

h = l, (/2,...,4) = J, 

where J is a tuple of integers indexed by the set S of non-root leaves of Fi, and J is 
indexed by the set S' of all the other non-root leaves of F. The non-reduced weight 
oi {Ii, . . . , Ik)" is and is computed via linking numbers, yielding 

(10) 5^^-. +E-^'/5^»;3 =0- 

aes /3es' 

The left hand side of the equation in the Lemma is 

(11) (Ji,..., 4)"(et„) = expf27r2 f^ia(e^^ -e^) + ^jfiie^jy e^j)) 
By ( |6^ ) and (|1^), one has 

f3eS' ' ' /3e5' ' ' '"*'"* I3€S' 

(13) = jy^i^ 2^ ia^^Wa. ■ 
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We can therefore rewrite equation (^TJ) as 

(14) (h, . . . , IkY (e^) = exp\2Tri ^ia(^(e^^ -6^)+ ^ 

The lemma claims that this expression is equal to /i(e^), which is 

(15) exp(2TTi ^iaicyj^ -e^)]- 

aeS 

We need to check for each a e 5 equality of the coefficient of ia- 
Using Equation @ one needs to check that 



"WaW I 



\D\ +cHj.^J\D\^,*,* = -C„«,/|A|. 



This is a simple computation using parts (|I|) and (^ of Lemma |H]^. D 



Continue the proof of Theorem 6.7. Recall Qj G Gj has reduced weight \Dj\/rj = 
\Dj\/sj, so its non-reduced weight (using linking numbers in (Xj,*j)) is \Dj\. Com- 
puting linking numbers in (F, *) multiplies this weight by the other \Dk'\ (Lemma |6.4| 
(0)), resulting in non-reduced weight \Di\ . . . \Dk\ = V (independent of j). It follows 
that the image of Aj in G has weight 0. Since Qj vanishes on Dj, applying Lemma 
|ti.8| , the image of Aj in G vanishes at all e^;, hence is the trivial character. 

Conversely, if (/i,...,/^) represents the trivial character of G, then it certainly 
has weight 0, hence by Lemma |6.8| each character Ij vanishes on the corresponding 



discriminant group Dj. By Proposition [4.4| , it follows that L is equivalent to a 



multiple UjQj. But now the condition of F-weight equal means that X]i=i^j — 0- 
That the Aj form a basis of this space is now easy. This completes the proof of the 
first assertion of the Theorem. 

We now have a commutative diagram of short exact sequences: 



\fc 



© -=2 ^ ■ ^k Gi®---®Gk G 



*- K ^ Z © ■ ■ ■ © Z ^ Z ^ . 

The right two vertical maps are surjective, with kernels finite groups of order 
ri . . . Tfc and r, respectively. The left vertical map is injective, and the order of the 
cokernel is (since K is a. direct summand) the order of the torsion subgroup of the quo- 
tient of Z*^ by the image of the Aj 's. So, one considers a.{k — l)xk matrix whose non-0 
entries are of the form ±\Di\/si. The maximal minors are of the form Sj'Dj/{si . . . Sk)', 
so the order of this group is the GCD of these minors, which is s/si . . . Sk- The snake 
sequence for the diagram then yields that r = s. This completes the proof of the 
Theorem. D 



We restate the key part of the Theorem: 
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Corollary 6.9. Every element of G may be written in the form 

Xi + X2 + . . . + Xk, Xi G Gi , 

and this representation is unique modulo the equations Qi = Qj, all i,j. D 

Corollary 6.10. Consider as above the curves G = C(r, *) and Gi = C(rj, *j) 
coming from T and its rooted subtrees Ti, i = 1, . . . ,k. For each i, let Yij be variables 
corresponding to the non-root leaves ofVi, and let Ji be the ideal in the variables Yij 
defining Cj. Assume that each Qi G iSj, so we can choose a non-negative rrii-tuple Qi 



representing Qi, and hence a monomial Y- in the variables Yi 



'J- 



Then the ideal defining G in all the variables Yij is generated by J'l, J'2, . . . ,J'k and 
yQi -yP\ i = 2,...,k. 

Proof. According to Proposition ^j^, the ideal of G (resp. Gi) is generated by all 
differences of pairs of monomials whose (non-negative) exponents have the same image 
in the character group G (resp. Gi). Suppose I = (/i, . . . ,Ik) and /' = (/(, . . . , /^) 
are non-negative exponent tuples giving the same element of G. We will first simplify 
the relation Y^ = Y^ modulo the ideals jTi- 

According to Theorem 6.7, the images of I and /' in Gi © ■ ■ ■ © G^ differ by a sum 
'^j=2Pj^j of the Aj's. Putting —pi = J2j=2Pj^ this means 

li- 11 = -PiQi in Gi, i = 1,. ..,k, . 

For each Pi > 0, the tuples Jj -|- piQi and I'i are non- negative tuples giving the same 
element in Gi. So, modulo relations coming from J7i, one can subtract /« from each 
exponent tuple J, I' in the z-slot, leaving and PiQi in the new i-slots. For pi < 
one subtracts instead ![ modulo relations from J7i to get —piQi and respectively in 
these slots. After doing this for each i one has either or a positive multiple of Qi in 
each slot of both / and /' and the total coefficient sum is the same for each, namely 
p := J2pi>oPi- -^^ ^^^^ point we have simplified our relation Y' = Y' to the point 
where each side of it is equivalent to Y^ using the relations Y^^ = Y- . This proves 
the corollary. D 

7. SEMIGROUPS AND DELTA-INVARIANTS OF D-CURVES FROM (P, *) 

Let US maintain the same basic setup as the last section: the rooted tree (P,*); 
the discriminant group D = D(T), of order \D\] the group G and its character group 
G; the D-curve G = G(T, *); the reduced weight |X| of an element X of G, giving 
a surjection G ^ Z, with kernel of order r; a surjection G ^ D, with kernel the 
cyclic group generated by a distinguished element Q of weight \D\/r. r is both the 
number of components of the curve and the GCD of the non- reduced weights (i.e., 
linking numbers) of the leaves. Non-negative characters of G give a semigroup S <Z G, 
which is the value semigroup of the corresponding D-curve. We are interested in the 
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^-invariant of the curve (which is the number of gaps of the semigroup S), and the 
question of whether Q & S. All elements of G of sufficiently high weight are in S, 
while there are r — 1 gaps of weight 0. 

As before, we compare data of (F, *) with those of the subtrees (Fj, *j). Recall we 
have defined 

V -.= 10,11021... \Dk\, Vr.= V/\Di\. 

Corollary ^]9| indicates that every element of G may be written 

Xi + X2 + . . . + Xfc, 

where Xi & Gi, and this representation is unique modulo all the equations Qi = Qj. 
Using \Xi\i to denote weight in Gj, one easily checks that 

(16) \Xi\ = {ri/r)Vi\Xi\i. 

(Recall every Qi has the same weight V/r in G.) 

Theorem 7.1. Consider the data (F,*), G, Q, \D\, r, S, 6 as before, with corre- 
sponding notation for the subtrees. Then: 

(1) The number of gaps of the semigroups satisfies 

k 

26-r<Y,1^ii^S^-r^) + {k-l)V. 

i=l 

(2) // equality holds, then Qi E Si, for all i. 

Proof. To show the inequality, we count the gaps in S. We write an element of G as 
X = Xi + ■ ■ ■ + Xfc, where Xi E Gi, and the representation is unique up to repeated 
alterations of the form: add Qi to Xi and subtract Qj from Xj for some i,j. Denote 

qi ■= \Qi\i = |A|/n- 

We claim that every X E G oi weight > has a representation X = Xi + ■ ■ ■ + Xk in 
one of the following classes: 

Gq: |Xi|i < 0; < |Xj|j < qi ioi i > 2 (and |X| > by assumption). 
Ci: < jXili and X, ^ Si, < \Xi\i < qi for i > 2. 

G2: Xi G Si and Xi - sQi ^ 5i for s > 1; < IX2I2 and X2 ^ S2] < \Xj\j < q^ 
for j > 3. 

Gf. For l<j<i — I, XjE Sj and Xj — sQj ^ Sj for s > 1; < |Xj|j and 
Xi ^ Si] < \Xj\j < qj for j >i + l. 

Gk'. For l<j<k — 1, XjE Sj and Xj — sQj ^ Sj for s > 1; < \Xk\i^ and 
Xk ^ Sk. 
Gk+i- For 1 < j < A; — 1, Xj G Sj and Xj — sQj ^ Sj for s > 1; Xk G Sk. 
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To see this, given X with |X| > 0, start by arranging the weights of Xi, i > 2, 
to be less than the weight qi of the corresponding Qi. If the representation is then 
not in the class Co or Ci, then Xi G Si. So subtract Qis as necessary from Xi 
and simultaneously add (52's to X2 until Xi G Si but Xi — Qi ^ Si. If now the 
representation is not in C2, then X2 G S2, so subtract Q2^s as necessary from X2 
and add Q^s to X3 to make X2 G S2 but X2 — Q2 4- ^2- Repeat this procedure 
until the representation is in some Cj. If one fails all the way to Ck, then the final 
representation is in Ck+i. 

Elements in Ck+i are clearly not gaps, so adding up the sizes of the other classes 
gives an upper bound for 6, the number of gaps. Recall that the number of elements of 
Gi of a given weight is equal to Tj. But g^rj = \Di\, so the number of elements in class 
Ci is SiVi. Next, every (Qj)-coset in Gi contains a unique minimal representative in 
Si, i.e., which is not in Si after subtracting any positive multiple of Qi. Thus, there 
are [Gi : (Qi)] = \Di\ = \Di\ such elements. So, class Cj contains 6jVj elements for 
j = 2, . . . ,k. Thus, 6 is bounded above as follows: 

k 

'^<|Co|+ J26,V,. 

i=l 

To count elements of Co, we need to know the number A^ of allowed degrees Xi : = 
\Xi\i; then the total count of these elements would be ri . . .VkN, where (thanks to 
®) 

k 

N = 4^{{xi,...,Xk) eZ^\ xi <0; 0<Xi < qi, alH >2;^Xi/qi > 0}. 

4 = 1 

We use (but prove later) the following 

Lemma 7.2. Let Q = qi . . . q^, Qi = Q/qi. Then 

k 

2N={k-l)Q -Y,Qi +h, 

i=l 

where h = GCD{Qi,...,Qk). 

Using the Lemma we conclude that 

i=l i=l 

But r = GCD(rjPj), while ri . . .r^Qi = ViVi, so 

r = ri...r,.-GCD(Qi,...,Q,) =ri...r,/i. 
The inequality in the theorem follows from these. 
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If equality holds, then the classes Co, Ci, . . . ,Ck consist only of gaps, and there is 
no overlap between them. Suppose Qi ^ Si for some i. Then X = + - ■ ■ + Qi + - ■ - + 
is in Ci, hence a gap. It is equal to + ■ ■ • + Qj + • ■ ■ + for each j, so Qj ^ Sj, so 
we have a common element in all the classes Ci, . . . ,Ck. This contradicts that the Ci 
don't overlap, which proves the second claim of the theorem. D 

Proof of Lemma \7.^. To prove the Lemma, consider a one node resolution diagram 



with —b in the center, and k + 1 length 1 strings emanating, with weights —qi, . . . , —Qk 
and —b'. Here b is any integer at least k + 1, and 6' > is arbitrary. View the —b' 
vertex as the root. This gives a (F, *), and k subdiagrams (rj,*j), each of which 
consists of only one vertex. So, each Ci = C*, r^ = 1, 6i = qi. Si = N, Gi = Z. The 
gaps of G can be counted as above, but they are exactly those of the first type Cq. 
Thus, the desired quantity N is exactly the number of gaps S (i.e., the delta-invariant 
of the corresponding curve). But the curve is the complete intersection defined by 
Xf^ = Xf, i = 2, . . . , /c, as in Example |5.1| and Proposition |6.2| . This curve has s = h 
branches, using the notation above. Using Example ^]l] gives 

k 

2N={k-l)Q -J2Qi + h. 

This proves the lemma. D 

There is another invariant of (F, *) whose relationship to those of its subdiagrams 
(Fj, *i) is similar to the situation for 26 — r, as revealed by Theorem \l.l\ Namely, let 

KF,*):=^(4-2)4,,, 

the sum being over all vertices of F except for *. The following statements are easy 
to verify: 

(1) z/ depends only on the sphce diagram (A, *). 

(2) u{T,*) = j:liViUi + {k-l)V. 

(3) If (F, *) has one node (Proposition |6^ ), then u = 26 — r. 

This brings us to our major result. 

Theorem 7.3. Let C = C(F, *) be the D-curve constructed from, a rooted resolution 
diagram. Then 26{C) — r < u{T, *), and equality implies the following: 

(1) C is a complete intersection curve 

(2) The splice diagram A satisfies the semigroup and congruence conditions at 
any node in the direction away from the leaf * . 

We recall that the semigroup and congruence conditions at a node can be formu- 
lated that for all outgoing edges at the node, monomials of appropriate weight can 
be found which transform equivariantly (i.e., with the same character) with respect 
to the D-action. 



THE END CURVE THEOREM FOR NORMAL COMPLEX SURFACE SINGULARITIES 25 

Proof. We do induction on the number of nodes of F. For one node, the inequahty in 
question is an equahty, and the claims follow from Example |5.1| (6) and Proposition 
|6^ . The semigroup and congruence conditions are automatic. 

In the general case, we as usual compare (F, *) with its subtrees (Fj,*j), i = 
l,...,k. Theorem [r?T|(l), the second statement about z/, and induction give the 
general inequality. Also, equality for (F, *) implies equality for all the (Fj,*j), and 
that each Qi & Si. The induction assumption says that the curves Ci are complete 
intersections; applying Corollary |S.1(J| , it follows that C is as well (compare number 
of defining equations to number of variables). Further, the monomials involved in 
the added equations Y^ — Y^\ i = 2, . . . ,k are monomials whose characters in G 
are equal by Theorem 6.7 and have the correct weight. This gives the semigroup 
and congruence condition at the node closest to * in the directions away from *. For 
nodes further from * it was proved during the induction, except that equivariance was 
proved in a subgraph Fj and hence proved for Di rather than D. But D-equivariance 
follows from the fact the the D-action induces the Dj-action on the variables coming 
from the subgraph Fj (Theorem |6.5|). D 



8. Proof of the End Curve Theorem 

Let {X, a) be a normal surface singularity with QHS link S. Recall that we say 
a knot or link /T C S is cut out by the analytic function z : (X, o) — > (C, o) if the 
pair (S,/C) is topologically the link of the pair (X, {z = 0}) (i.e., the reduced germ 
(X, {2; = 0},o) is homeomorphic, preserving orientations, to the cone on (E,i^)). In 
P!3| it is shown that the link of a surface-curve germ pair (X, 5, o) determines the 
minimal good resolution of this pair. 

Let f j, z = 1, . . . , t be the leaves of the resolution graph F. Suppose that for each i 
we have an end-curve function 2;j, vanishing di times along the end-curve Bi C X. The 
following lemma tells us that a (ij-th root Xi of Zi is a well-defined analytic function 
on the universal abelian cover (y, 0) of (X, o), and that Xi vanishes to order 1 on its 
zero- set. 

Lemma 8.1. Let z: (X, o) -^ (C, 0) he an analytic function that vanishes to order d 
on its reduced zero set B C X . Then the multivalued function z^^'^ on X lifts to a 
single valued function x on the universal abelian cover {V, 0) of (X, 0), and x vanishes 
to order 1 on its zero set (there are d such lifts that differ by d-th roots of unity). If 
B is irreducible then the zero-set of x has \D\/d' components, where d' is the order of 
the the class of K (the link of B) in ifi(S;Z). 

Proof. Take the branched cover X' ^ X given on the local ring level by adjoining 
t satisfying f^ — z = 0, and then normalizing. At any point of -B — {o}, choose 
local analytic coordinates u,v, with B given by m = 0; we may further assume that 
locally z = u'^. Over such a point, X' is given by normalizing f^ — u'^ = 0, yielding a 
smooth and unramified d-fold cyclic cover. Thus, X' — i> X is unramified away from 
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the singular point. Clearly, t is still a single- valued function z' on this cover, and z' 
vanishes to order 1 on its zero-set. z' is well defined up to the covering transformations 
of X' — i> X, which multiply z' by d-th roots of unity. 

We may assume X' is connected (if X' has k components then replace X' by one 
of its components, z by (z'Y'^, which is then well defined on X, and d by d/k). Since 
X' — i> X is a connected abelian cover, it is covered by the universal abelian cover 
\^ — > X so we get our desired lift x of z to l^ by composing z' with the projection 
V ^ X'. 

Now assume B is connected and K is its link. Let d' be the ordei^ of the class of 
K in Hi{Tj). Then each component of the inverse image K oi K in H""^ is an rf'-fold 
cover of K, so there are \D\/d' such components. Since K is the link of {x = 0}, the 
final sentence of the lemma follows. (Although we don't need it, it is not hard to see 
that k above is d/d', so there is a d/d'-th root of z that is defined on X. Hence, d' is 
the least order of vanishing any function z as in the lemma.) D 

Denote the zero set of Xi in V by Cj. This is a D-curve, where D = D{r) is the 
discriminant group, and it has \D\/di branches, where di is the order of the class of 
the end-knot K in ifi(S). By |^D|, Corollary 12.11], \D\/di = r^. We will concentrate 
for the moment on Ci. By Lemma |9.4| below, its (5-invariant is 



(17) 6iCi) = l{ri + ^(r, ^i)) = ^ {n + 5^ (4 - 2)£,„,) . 

Let G be the character group associated with Ci and its associated graded, as in 
section ^ , and let iS C G be the value semigroup. The characters in G associated 
with the functions X2, ■ ■ ■ ,Xi, generate a subsemigroup Sq of S, whence 

(18) 6{So)>6{S)=6{Ci). 

Lemma 8.2. The subsemigroup Sq is equal to the value semigroup of the curve as- 
sociated to the rooted resolution diagram {T,Vi) as in Section |^. In particular, their 
6 -invariants are equal. 

Proof. Since intersection number of curves in X is given by linking number of their 
links in E, the function Xi {i > 1) has vanishing degree ^^j^,- on the curve Ci, hence 
^vivi/f'i on each branch; this last quantity is thus the weight of Xi in the associated 
graded of Ci (alternatively, this can be seen by considering the intersection number 
of the proper transform of Ci with the zero set of Xi in the resolution). By Theorem 
|973| below, D acts on x, via the character Xi corresponding to the leaf f , G F. Thus, 
the G-character of Xj is the generator Xi of S{C{T, vi)) as described in section ^ D 



From the Lemma and Theorem 7.3, we have 



(19) S{So)<^{ri + u{T,v,)). 
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Comparing ([T^), (|18D, (|^), the inequalities are actually equalities. Hence, So = S 
and this is the semigroup both for the associated graded of Ci and the model curve 
C(r,fi), so these are isomorphic as D-curves (Corollary [4.5|) . Again by Theorem 
|7.3| , each curve is a complete intersection with maximal ideal generated by X2, . . . , Xj. 
Since this curve is the associated graded of Ci, it follows that Ci is a complete 
intersection and X2, ■ ■ ■ ,Xt generates its maximal ideal. We conclude that (V, 0) is a 
complete intersection with maximal ideal generated hj xi, . . . ,Xt. 

Moreover, Theorem [7^^ gives us the semigroup and congruence conditions at all 
nodes in the directions away from the leaf Vi. Repeating the argument at all leaves 
gives all semigroup and congruence conditions. 

It remains to show that V is defined by a system of D-equivariant splice equations 
using the functions Xi, . . . ,Xt. Pick a f of F of valency 6. Denote by Ey the exceptional 
curve corresponding to v and hj Ei, . . . ,Es the 6 exceptional curves that intersect E^. 
Since the congruence and semigroup conditions are satisfied, we can find a system 
of admissible monomials Mi, . . . , Ms of (unreduced) weight l^, corresponding to the 
outgoing edges at v, which transform the same way with respect to the action of 
D. For 1 < i < 6 the ratio Mi/Mg is thus D-invariant, hence defined on X = 
V/D. In the proof of Theorem 10.1 of ||20| (see also Theorem 4.1 of |21|) it is shown 



that this function is meromorphic on the exceptional curve E^ corresponding to v, 
with a simple zero at the point E^j Ci Ei, a simple pole at E^ fl Es and no other 
zeroes or poles. It follows that there are 6 — 2 linear relations among the Mi /Ms 
on Ey. If aiMi/Mg + • • ■ + asMs/Ms = is one of these linear relations, write 
L := aiMi + ■ ■ ■ + asMs. Then the order of vanishing of L^ on E^ is greater than that 
of Mg. Since the f-weight of a function / on X is measured by the order of vanishing 
of f^ on Ey, we see that L has f-weight greater than iyy, so that, as in the proof of 
Theorem 10.1 of PU|, we can adjust L by something that vanishes to higher f-weight 



to get an equation of splice type that holds identically on V. Doing this for each 
of our linear relations and repeating at all nodes gives a system of splice equations 
that hold on V. As proved in ||2^, such a system of splice type equations defines 
a complete intersection singularity {V, 0) whose D-quotient {X', o) has resolution 
graph F. Moreover since the local rings are subrings of the local rings of V and X, 
we have finite maps V ^ V and X —^ X'. The degree of the map V —>■ V can be 
computed by restricting to the curve Ci = {xi = 0} and then taking the associated 
graded of this curve. By Corollary |6.10| we see this way that the degree is 1, so the 



proof is complete. D 



9. Topological computations. 

9.1. Linking numbers. In this subsection we describe the interpretation of the num- 
bers iij as linking numbers. Recall first that if Ki and K2 are disjoint oriented knots 
in a QHS S then their linking number is defined as follows: Some multiple dKi bounds 
a 2-chain A in S and i{Ki, K2) is defined as ^A ■ -^"2 ^ Q (intersection number). A 
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(standard) easy calculation shows that this is well-defined. Now suppose S bounds 
an oriented 4-nianifold Y with H2{Y; Q) = 0. Then multiples diKi and d2K2 bound 
2-chains Ai and A2 in X and i{Ki,K2) can be computed as j^Ai ■ A2 (see, e.g. 
Durfee 0; the point is that it is again easy to see this is independent of choices, 
and if one chooses Ai to lie in S and A2 to be transverse to S one gets the previous 
definition). We can extend to the case that H2(Y) 7^ by requiring that Ai be chosen 
to have zero intersection with any 2-cycle (i.e., closed 2-chain) in Y; it clearly suffices 
to require this for 2-cycles representing a generating set of H2{Y). Again, the proof 
that this works only involves showing that it gives a well-defined invariant, which is 
as before. 

Suppose now that S = dX is a QHS singularity link and Y ^ X is a. resolution of 
the singularity. Let K^ and Ky^ be knots in E represented by meridians of exceptional 
curves Ey and E^ in Y. 

Proposition 9.1. i{Ky,Kyj) = rhiyw 

Proof. Let Dy and Dyj be transverse disks to Ey and Eyj with boundaries Ky and 
Kyj. Recall that the matrix (iij) is —\D\{Ei ■ Ej)~^ (see Def. |1 . 1|) . It follows that a 
2-chain A whose boundary is \D\Ky and which dots to zero with each Ei is given by 

A = \D\Dy + Y.A,Ei. So i{Ky,Ky,) = jj-^A-Dy, = J^^iyy,. D 

9.2. Torsion linking form. The torsion linking form is a non-degenerate bilinear 
Q/Z- valued pairing on the torsion of Hi{M; Z) for any closed oriented 3-manifold M. 
We recall the definition, li a,(3 E ifi(S;Z) are torsion elements, we represent a and 
f3 by disjoint 1-cycles a and b. Since some multiple da of a bounds, so we can find a 
2-chain A with dA = da. Then i{a,j3) := ^A-b & Q/Z where A.b is the algebraic 
intersection number. 

For a QHS S the linking form is a non-degenerate symmetric bilinear pairing 

i: iJi(S; Z) X iJi(S; Z) -^ Q/Z 

and hence gives an isomorphism oi D = /Ji(S;Z) with its character group D = 
Hom(D,C*) = Hom(D, Q/Z). We take the negative of this isomorphism and for 
X E D we call the character Q-'^'^'^^i^-) £ f) the character dual to x. By the above 
Proposition p.l|, we have: 



Proposition 9.2. For a QHS link of a complex surface singularity, the torsion linking 
form is the negative of the form Cy.Cw of Section \1.^. D 



We now want to return to the situation of Lemma |8.1| , where we lift a root of an 
end-curve function on our singularity (X, o) to a function on the universal abelian 
cover. It is convenient now to restrict just to the link of the singularity (and of the 



curve B C X). The result we need. Theorem 3^ below, is a general statement about 
rational homology spheres. 
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So we assume we have a QHS S and a knot (or link) K (ZT, and a smooth function 
2; : S ^ C which vanishes to order exactly d along K. The proof of Lemma ^.l] applies 
to see that the multivalued function z^'''' on E can be lifted to a single- valued function 
X on the universal abelian cover S"^ which vanishes to order 1 on its zero set (i.e., 
is a regular value). The covering transformation group for the universal abelian 
covering vr: E"'' ^ S is D = i^i(E; Z). 

Theorem 9.3. Let K G 11 and x, as above, a lift to E"^ of the d-th root of a function 
z that vanishes to order d along K . Then the action of D on E"* transforms the 
function x by the character dual to the homology class [K] E D = -f/^i(E; Z). That is, 

x{hp) = e-2"*^([^]''^)x(p) for pGT."^ andheD. 

Proof. The action oi D = Hi(T,) on E"^ can be described as follows: li h E D and 
p e E"^ and 7 : [0, 1] — > E is any loop based at 7i{p) in E whose homology class is h, 
then the lift 7 of 7 that ends at p starts hp. 

For a regular value A of the function x/\x\ on J] — K consider the set A : = 
{x/\x\)^'^{X)UK. This set can be considered as a smooth 2-chain in E with boundary 
dK, so i{h, [K]) = i 7 ■ y4. Denote the inverse image of A in E"^ by A. So 

A = {p eT."-^ \ darg{x{p)) = arg(A)} . 

The intersection number A ■ 7 equals the algebraic number of intersections of A with 
7. But the function x changes continuously along 7, with value at the point hp of 7 
some power of e^'^*/'^ times its value at p. The power in question is clearly, up to sign, 
the intersection number A ■ 7, since, as one moves along 7 from p to hp the change in 
argument of x(^{t)) can be followed by counting how this argument passes through 
values of the form (arg(A) + 27ik)/d. Since 7 is oriented from hp to p, the sign is as 
stated in the theorem. D 

9.3. Milnor number and (5-invariant. Let (X, o) be a normal surface singularity 
with QHS link E and z : {X, 0) -^ (C, 0) a holomorphic germ which vanishes with 
degree d on its zero set B. By Lemma ^.1| , a d-th root of z lifts to a well-defined 
function x: (V, 0) — >■ (C, 0) on the universal abelian cover (V, 0) of {X,o), which 
vanishes to degree 1 on its zero-set C C V. We compute the (^-invariant of {C,o); 
this is a topological computation. 

The link of the pair (V, C) is a fibered link whose "Milnor fiber" F is diffeomorphic 
to -F = x~^{S) n D^'^ for some sufficiently small < 6 <<C e <iC 1, where D^^ is the 
e-ball about the origin for some embedding (V, 0) — > (C^,0). A standard formula 

(20) S{C)=^-{r-x{F)) 

relates the ^-invariant of C with the number of branches r and the Euler characteristic 
of its smoothing F (0). We thus want to compute x(-^)- 
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Let r be the resolution graph for a simultaneous good resolution of (X, B, o) and 
f 1 the vertex corresponding to the exceptional curve E^-^ that the proper transform of 
C meets. So B meets E^^ transversally in one point and meets no other exceptional 
curve. 

Lemma 9.4. With the above notation, x{P) = —^iXiVi) where 

z/(r,t;):=5^(5:-2)V, 

V 

the sum is over all vertices v ofV, and 5'^ = 6^ if v ^ v\ and S'^ = S^, + 1 if v = vi 
(where 6^ is valency of v). In particular, if vi is a leaf then the summand for Vi is 
zero and, by (pOD, 

S{C) = ^ (r + u{r, v,)) = ^-{r+J2 (^^. - 2)4..) • 

Proof. If dC + Y2 OjvEy is the zero set of z on the resolution of X then the intersection 
equations [dC + ^ a^Ejj).Ey, = show that the order of vanishing a^ of z on a curve 
E^ of the resolution is d{iviv/\D\). It follows by a standard argument (originally due 
to A'Campo |1]]) that the Milnor fiber F^ of z has Euler characteristic 



Let X' and z' be as in the proof of Lemma |8.1| . As there, we may assume X' is 
connected. Then c? is a divisor of \D\. 

We can think of the Milnor fibers F and Fz as the fibers of the fibered (multi-) links 
(E"'', L) and (E, dK), which are the links of the pairs (V, C) and (X, B) respectively. 
We have a diagram whose horizontal rows are Milnor fibrations and whose vertical 
arrows are covering maps: 



j^ab _ ^ ^ ^1 



^-K ^1 



The degrees of the second and third vertical arrows are \D\ and d respectively, so the 
first vertical arrow has degree \D\/d. Thus x{F) = \D\/d{x{Fz)) and the lemma is 
proved. D 

9.4. Topological meaning of G. This subsection is a digression, without proofs, 
about the topology underlying Section ^ (Z)-curves determined by rooted resolution 
diagrams). In that section, after selecting a root leaf of the resolution diagram F, 
the group G arose in terms of a C*-action that is not easily seen to be part of the 
topological data. But G has a very simple topological meaning. 
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If E is the link of our singularity and K the knot corresponding to the root leaf, 
then G = Hi(T,q), where Sq is the knot exterior (complement of an open solid torus 
neighborhood of K). The homology class of a meridian curve M of i^ in dT,o rep- 



resents the element Q of Proposition [4.4|, while the end-knots corresponding to the 



non-root leaves of T represent the elements Xj of Section |^. 

In particular, the value semigroup is the subsemigroup of ifi(So) generated by the 
classes of the end knots, and the semigroup and congruence conditions together mean 
that the homology class of the meridian of -ft' is a positive linear combination of the 
homology classes of the end knots. 

Finally, in the induction of Section ^, the resolution sub-diagrams Fj determine 
knot exteriors Ej which embed disjointly into Eq (in an obvious way) with complement 
Dk X S^, where Df^ is a fc-holed disk. The meridian curves Mj for the Ej match fibers 
of this Df^ X 5*^, and Theorem 6.7 describes a part of the homology exact sequence 
for the pair (Eq, |Jj=i ^k)- 

10. Corollaries and applications of the End Curve Theorem 

As corollaries of the End Curve Theorem, one can explain systematically why all 
previously known examples of splice quotients are in fact of this type. 



Corollary 10.1 ([|T6|). The universal abelian cover of a weighted homogeneous sin- 
gularity with QHS link is a Brieskorn complete intersection, and the covering group 
acts diagonally on the coordinates. 

Proof. The minimal resolution graph F has one node, and the t leaves correspond to 
the C*-orbits with non-trivial isotropy. We will show that for every leaf of F, there 
exists a weighted homogeneous end-curve function. Via the End Curve Theorem, 
weighted roots of these functions generate the maximal ideal of the universal abelian 
cover; also, the defining equations begin with sums of admissible monomials, which 
are powers of these root functions. Because of quasihomogeneity, there can be no 
higher terms in these equations, so that the splice equations give a Brieskorn complete 
intersection. 

Let X be the affine variety with C*-action. The QHS condition is equivalent to 
the fact that X — {0}/C* is a rational curve. The C*-action on X — {0} has finitely 
many orbits with non-trivial isotropy, and the closures of these orbits are end-curves. 
We shall show that these orbits — in fact, every orbit — can be cut out by a weighted 
homogeneous function on X. Consider a common multiple A^ of the orders of the 
isotropy groups and let ^n be the cyclic subgroup of C* of order A^. Then every non- 
trivial C* orbit of X' = X/fi^ is isomorphic to C*//i7v, so X' is a cone over a rational 
curve, thus a cyclic quotient singularity. It is thus easy to see that any non-trivial 
C*-orbit of X' is cut out by some weighted homogeneous function /, and composing 
/: X' — i> C with the projection X ^ X' then gives the desired function on X. D 
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Corollary 10.2 (Okuma |2^). Rational singularities, and minimally elliptic singu- 



larities with QHS link, are splice quotients. In particular, their universal abelian 
cover's are complete intersections. 



Proof. It was explained in Theorem 13.2 of |P0||why the End Curve Theorem would 



imply this result. Specifically, standard results on rational singularities easily produce 
end-curve functions (or more generally, functions satisfying any topologically allowed 
vanishing). The existence of such functions in the minimally elliptic case is slightly 
harder, but is proved by M. Reid in [^, Lemma, p. 122. D 



We remark that Okuma's proof is different from ours, with a key step the argument 
that the root functions generate the maximal ideal of the universal abelian cover. It 
uses a strong condition satisfied by the graphs of rational and minimally elliptic 



singularities, but not by splice-quotients in general. In [|I9|, the first non-trivial case 
of this theorem was proved, showing that the universal abelian cover of a quotient- 
cusp (the simplest rational singularity whose graph has two nodes) is a complete 
intersection cusp singularity. 

Corollary 10.3 ([0, Theorem 4.1). Let {X,o) be a normal surface singularity with 
integral homology sphere link, for which all the knots associated to leaves are links of 
hypersurface sections. Then the semigroup condition is fulfilled, and X is a complete 
intersection of splice type. 

"Equisingular" deformations of a splice quotient singularity whose link is an integral 
homology sphere should remain splice quotients; this is definitely true for positive 
weight deformations of weighted homogeneous singularities with ZHS links. On the 
other hand, it is not true even for fairly simple splice quotients (cf. |]12[); and this 
becomes clear via the End Curve Theorem. The following example comes from E. 
Sell's Ph.D. thesis. 



Example 10.4 (|27|, 3.1.4). The weighted homogeneous singularity X defined by 



z 



2 



x^ + y'^ has resolution dual graph and (reduced) splice diagram 



'-2 



Rewriting the equation as {z — x'^){z + x^) = y^, one sees that the functions z ± x'^ 
vanish 9 times along their zero-sets; they, together with x (whose zero-set is reduced) 
are end-curve functions. The discriminant group is cyclic of order 9. So, one can form 
the universal abelian cover by adjoining a U satisfying U^ = z — x"^, and a V satisfying 
V^ = z + x"^, along with x. Then (UV)^ = y^; but since the universal abelian cover 
is a normal domain, one must have (perhaps changing V^ by a 9-th root of 1) that 
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y = UV. Thus, the universal abehan cover is the hypersurface V^ = U^ + 2x^, with 
discriminant group action 

{U,V,x)^{CU,C'V,x), 

where C is a primitive 9-th root of 1. The versal deformation of weight > of the 
universal abelian cover that is equivariant with respect to the group action is smooth 
of dimension 3, and defined by 

y9 = f/9 + 2a;2 + ti{UV)^ + t2{UVf + hiUVY . 

Taking invariants to obtain the "versal splice quotient deformation" of X, and chang- 
ing coordinates, gives the family 

y^ = (z-x^- -ihy' + ta/ + hy'')){z + x^ + -{W + t^y"" + Hy')), 

which can be written (to show the deformation of the curve x^ + y^ = 0) 

z^ = x*^ + y^ + t\x^y^ + t^x^y^ + t-iX^y' + quadratic terms in tj's. 

One important point is that the first equation for the versal splice quotient deforma- 
tion shows explicitly how to lift the end-curve functions 2; ± x^ under deformation so 
that they remain end-curve functions, i.e., continue to vanish to order 9 along their 
zero-sets. A second point is that the positive weight deformation z^ = x^ + y^ + txy"^ 
is not a splice-quotient deformation, even to first order. 



z" 



Remark 10.5. More generally, in her thesis |^ E. Sell considers singularities 
f{x,y) with QHS link and / analytically irreducible. The splice and semigroup 
conditions depend only on n and the topological type (i.e., Puiseux pairs) of /, and 
it turns out that very rarely are they satisfied. However, in all cases where they are 
satisfied, there exist special / so that the singularity is a splice quotient; and in these 
cases the defining equation can be rewritten (as in the example above) to highlight 
the end curve functions. As above, only deformations which are both equisingular and 
preserve the order of vanishing of these functions give splice quotient deformations. 
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